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1. Abstract

This thesis presented a new method to determine directly internal forces in a rigid body of
multibody systems or in a group of links having relative translation with each other based on
Lagrange equations. With this method, we can avoid difficulties that previous methods encounter
during computational process by without considering constraint forces appearing in connected
joints between links of the multibody systems.

By using a set of generalized coordinates that is consistent with constraint relations and
describes completely configuration of the mechanism, we can establish the differential equations
governing the motion of system. In addition, by introducing a supplementary mobility we can
compute directly the internal force corresponding to that mobility thanks to the principle: If an
internal force is found, a corresponding supplementary mobility is considered in the system. After
forming the differential equation for the new mobility, the internal force will be determined via the
equation by imposing null values of the mobility as well as its first and second derivatives.

For illustrating proposed method, some commonly used mechanisms are chosen as models to
analyze. They are planar mechanisms and spatial mechanism. With planar mechanisms, the slider-
crank and the system for controlling aircraft elevator are considered. In there, the internal forces are
computed in the links having general plane motion (the connecting rod in the slider-mechanism, and
the subsystem hydraulic cylinder for the other). And a 3-DOF articulated manipulator is considered
to analyze for the case of spatial mechanism. For this case, internal forces in the end-effector are
determined.

Finally, the thesis also applies some fundamental definition of controlling theory and Genetic
Algorithms (GAs) in tuning parameters of PID controllers to control a 4-DOF spatial mechanism,
that the end-effector of the mechanism is imposed to follow a defined trajectory. Based on that, the
Algorithm can be used and developed for simulating model robots in designed step.

2. Kinematics and Dynamics of rigid bodies system
2.1. Determining linear velocity of a point of rigid body in the mechanism

Supposing we have a set of reference systems Opxgvozg, O1xvizi,..., OXYiZiy..., OpXyVnz, as
shown in the Figure 1. Determining position of an arbitrary point P; on a rigid body (B;) attached a
reference frame Opxyz; in the base frame Ogxgyyzy through pre-adjacent links, which can be
specified about positions and orientations, is presented as following:

From geometrical relations, we can write:

OoF 9y = 0010y O (1) 5

O (1) = 0102y + 02 F 2), (1)

023- (2) = 0203 ) + 03Pi(3) ,

Oi1F -1y = 0110 1y ii) -
Replacing successively all expressions of OiF 1y, 028 (2, O3B 3y Oim1 B iy into the pre-

+O;P

adjacent expressions, and finally into the expression of OyF, 0) * yielded:

OOB' (0) = 0001 (0) + 0102 ) + 0203 (2)+ et Oi—lOi (i—l)+ 0lPl @) > (2)
where Oy, _,0; (k1) is the vector giving position of the origin O in the reference frame Oy_;xi Vi 12k

; (with k=1, 2,..., 1),
@ (i) is the vector giving position of the point P; in the reference frame Oxy;z;.
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Figure 1. The system of reference frames in space

If we express the position of P; in the base frame Ogxyyzy in the matrix form, then Eq. (2) can
be rewritten as below:

{OOPi}(O) = [1]'{0001}(0) + ; [R]'{OIOZ}(D + g[R]'{0203}(2) +

0
+ 3[R]'{0304}(3)+ +, 1[R] { i-10; }(, 1) [R] { }(l)
Or in the generalized form

)

i

{O0F} ) =[1]{0001} Z \[R]{04- 10} ey + iR o - @

where [I ] is the 3x3 identity matrlx,

g[R] is the transformation matrix giving the orientation of the reference frame Oyxyyzy relative

to the base reference frame Ogxgygzg (with k=1, 2,..., i).
And the linear velocity of the point P; with respect to the base frame Ogpxgyozy is determined by
carrying out the derivative versus time of Eq. (4), we obtained

Uerkoy = (008 <L) 10001} )+
+ Z(k 1[ ] Ok 10k}(k—1)+k—(; [R]'%({Ok 10k}(k I)U (%)

Or » 0 d
+O[R]{OR) )+ l.[R]E({o,.zg.}(i))
2.2. Determining angular velocity of a rigid body in the mechanism

Considering again the body (B;) attached rigidly a reference frame Ox;y:z; as shown in Figure 1.
Based on pre-adjacent links (B:;) (i=1,2...,n) in the mechanism, the angular velocity vector @; o is

written in the form of matrix as
4
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Similarly, we can write formula defining angular velocities for the others
i-1
{a)l—l,o}(l_l) = -2 [R]'{a)l—2,()}(l_2) + {a)l—l,l—z}(l_l)

{w,-_z,o}(i—z) -3 [R]-{“’i—370}(i—3) " {a”"z”"3}(i—2)’ "

{0)1,0}(1) :[1]-{0’1,0}(1)

Replacing successively the post-expressions into pre-expressions from relations (6), (7), finally
we obtained the generalized form determining the angular velocity of the body (B;) in matrix form
as following

i-1 .
{a)i,O}(l.) = kz_:l ]é [R].{a)k’k_l}(k) + {a)i,i—l}(l-) 5 (8)

where k—]; [R] is the transformation matrix giving the orientation of the reference frame Oy_;xy Vi
1z.; relative to the reference frame Opxyizi (With =1, 2,..., i),
{wk,k—l} ) is the angular velocity vector of the body (By) relative to the body (By.;) and is

defined in the reference frame Opxpyizi (With k=1, 2,..., 0),
{a)i 0}(.) is the angular velocity vector of the body (B;) with respect to the base frame and is
? l
measured in the body frame Oxyz;,
];[R] is the transformation matrix giving the orientation of the reference frame Oxyyiz; relative
to the reference frame Oux;yiz; (with k=1, 2,..., i-1) and is computed as
i i i-1 k+1
JAR]= L [R] L [R)-TLR] S )
And from Eq. (8) we can write the generalized form determining the angular velocity of the

body (B;) expressed in the base frame Ogyxgyyzyp. By multiplying both sides of Eq. (8) with (;[R] , We

have
i-1 ,
R {00}, = z GRL IR g}y + IR @i - (10)
Or
i-1
{a)i,O}(O) = kZ:‘,l ;(3 [R].{a)k’k_l}(k) + {a)i,i—l}(o)’ (1D

where {a)i’o} is the angular velocity of the body (B;) expressed in the reference frame Oyxpiypzo.

(0)
E[R]is the transformation matrix giving the orientation of the reference frame Oxyyizi relative to
the base frame Opxpiyozg (With k=1, 2,..., i-1) and is computed as

0 0 1 k-1

k[R]= 1[R]'2[R]"' k[R]’ (12)
2.3. Equations of motion of rigid bodies system

As known, based on deriving equations of motion of particles system, Lagrange equations can
be applied for a rigid bodies system.
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For a non-holonomic system, the Lagrange equations corresponding to a system of n
generalized coordinates

d| oF OF e
are completed with the n¢ constraints

Ci(q, G =0,(@=1,2,...n0), (14)

i

in there, a;: =
y aqj

For holonomic system, the constraints are written as following
Ci(g,)=0,@G=12,..,nc), (15)
Then equations of motion for holonomic system of rigid bodies have expression as

is coefficient of the multiplier 4;.

n
i{aila—E—Qj LS A (=1 2 ), (16)
By defining the analytical function

nc

i=1
Eq. (16) can be written in the form

B N R LU T S (18)

Starting from these » differential equations and using n¢ relations of constraints, the generalized
coordinates ¢; and the Lagrange multipliers /; are determined.

2.4. Method for calculus of internal forces

For a mechanical system with n degrees of freedom represented by the independent generalized
coordinates g; (j=1,2..., n) , the Lagrange equations are expressed as following
di[(fEJ—gE U0 (=1 2, (19)
f\4j) “4j <4
An internal force Q,+;, as the new generalized force, can be found if a new fictitious mobility
according to the force is considered. Then the mechanical system becomes one with (n+1) degrees
of freedom. The equation for the new mobility is

i{ oF }_ U, 20)
d1{%y 1) 94,41 04y 41
Considering again the mechanism, the internal force ‘R,; is easily obtained from Eq. (20) in the
form
mnﬂ{i( o j_ OE oU } N o
At %n+1) Cns1 %n1 012

Dn+1 =0
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3. Calculus of internal forces in planar mechanisms
3.1. Calculating internal forces in an element of mechanism

Let consider a slider-crank mechanism as the rigid bodies system with one degree of freedom
shown in Figure 2.

A

Figure 2. Slider-crank mechanism

The mechanism consists of the crank (1) characterized by length OA=r, mass m;; the
connecting rod (2) characterized by length AB=/, mass m>; and the slider (3) characterized by m;
and dimensionless. The motion of the mechanism is created by an active torque M, acting at the
point O of crank OA.

3.1.1. Calculating constraint force

For calculating constraint force at point B of the mechanism with assumption that the friction in
horizontal direction is negligible, v is considered as the supplementary displacement. So

(1> 92) = (0, v) are chosen as generalized coordinates as shown in Figure 3.

Figure 3. Virtual supplementary displacement corresponding to the constrained force

The kinetic energy has expression in the form as following
1 T L. T .
E=—{a} {J,}{or}+{icat my{icaf+
g 2 , (22)
. T .
+5{a)2}T .{ch}.{a)2} +E{rc3} .m3.{rc3}
where moments of inertia of the crank (1) with the hinged point O, of the connecting rod (2) with
the mass center C; are {JO} , {JCZ} ,
{e}, {,} are angular velocities measured in body reference frames,

{’;C2} , {i’c3} are derivatives of position vectors of mass centers measured in inertial frame.

The force function producing the conservative generalized force has expression below:
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. . 2 .
_mlgrs1n9_m2 [rsm@ rv©sin @ v —— 23)

+ +
2 2 40%-r?sin?0) 2
Then the conservative generalized force corresponding to v is calculated
oUu m, grvsin m
0y = o= T g, (24)
ov 2(1 —r“sin 9) 2

And the external generalized force acting on the mechanism corresponding to v is calculated
dib _ 0L, (M)
0 =
ov

After taking partial derivatives with respect to v as well as taking total derivatives for the terms
relating to the Lagrange equations, and applying Eq. (21), the constraint force at the point B is

Ny =3, { d (6Ej_a_E_a_U_M}
v
v

U:

=0, (25)

afor i 26
delov) ov v Sv g (26)
0

When the constraint force Nj is obtained, the slider-crank mechanism being as closed-loop will
be transformed to open-loop by releasing the constraint at point B and putting there the constraint
force as the external force acting upon the system. Thenceforth, internal forces will be determined
in the open-loop in next sections.

3.1.2. Calculating axial force, shear force, and bending moment

For calculating internal forces, we need to introduce some supplementary displacement as:
- “u”, the translation movement in direction of the center axis of the connecting rod (2), is the
virtual supplementary displacement corresponding to the axial force as shown Figure 4. Thus,

(g1, 92) = (0, u) are chosen as generalized coordinates representing the mechanism

(32

- “s”, the translation movement in direction perpendicular with center axis of the connecting rod
(2), is the virtual supplementary displacement corresponding to shear force as shown in Figure 5.

Thus, (g1, g5 ) = (0, s) are chosen as generalized coordinates representing the mechanism.

“@”, the rotation movement about the axis perpendicular with vertical plane, is the virtual
supplementary displacement corresponding to bending moment as shown in Figure 6. Thus,
(g1, 92)=(6, @) are chosen as generalized coordinates representing the mechanism.

Figure 4 . Virtual supplemental displacement corresponding to the axial force
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Figure 6. Virtual supplemental displacement corresponding to the bending moment

Carrying out similarly as the case for constraint force above, we will obtained the general form
of internal forces by applying proposed method. Then apply law of motion for the crank (1) as:

9=90t+%"t2, 27)

with Q) =257 (rad / s), ¢, :% (rad/sz)
and give the slider-crank some specified dimensions, and inertia characteristics as:
my =0.1(kg); r=0.1(m); my =0.1(kg); [ =0.2 (m); my =0.1 (kg)
By using Matlab software, we received graphs showing variation of constraint force with
respect to time, as well as variations of internal forces with ratio &/ as following:
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Graph of the Constraint Force with respect to time t (s)
40 . . . T

Constraint Force Nb (M)

-40

i 1 L | L L L
0 oot 002 003 004 005 005 007 008
tis)

Figure 7. The constrained force at the end B
with respect to time.

Graph of the Shear Force with respect to &L
2 T T T T T ; T T

Shear Force "F" (N)

T S

i I I 1 1 i
] 01 02 03 04 05 06 07 08 08 1
Ir the ratio &L

Figure 9. Variation of the shear force with
respect to “&/1 7 at the instant time t=0.03(s).

Graph of the Axial Force with respect to &L
100 T T T T T T T T T

Auial Force N (M)

A0 | I it i L i 1 i i
i} 01 o2 03 04 056 06 07 08 08 1
Iri the ratio &L

Figure 8. Variation of the axial force with
respect to “&/A 7 at the instant time t=0.03(s).

Graph of the Bending Moment with respect to &L
0.02 T T T T T T T T

0.0z
-0.06

e e

Bending Moment I (WNm)

i i i i i i i
1] 01 02 03 04 05 06 07 08 09 1
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Figure 10. Variation of the bending moment
w.rt “E1 7 at the instant time t=0.03(s).

3.2. Calculating internal forces in a group of links in mechanism

N\

AN

AN
AN
01 \
O1
\1
7
5N/
_ _ A D _
mi, 11 7 M
r
| mo, B
g 01
— C2
A S TY—— =

F / 10
¢ \\_C%\:\(p?: 4

ms ma, I+

\ Z

/2

Figure 11. The system for controlling the aircraft elevator

PhD student: Nguyen Thien Van
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A system for controlling the airplane elevator as shown in Figure 11 is considered as a model to
calculate internal forces. For simplicity and without generality, the link (1) is supposed as a bar of
length /; and mass m; the piston rod (2) is a bar characterized by the length /, and the mass m,; the
piston body is a plate characterized by the radius R, and the mass m;; the cylinder (4) is represented
by radii R; and R, the length /, and the mass m,.

For more simple in finding out kinematic relations of terms related to Lagrange equations, the
mechanism being closed-loop will be transferred to open-loop. For that aim, the constraint at Oy is
replaced by a constraint force acting there. And the constraint force can be considered as the sum of

two components: the normal constraint force fn with the direction along the centerline of the

cylinder, and the tangent constraint force ft , with the direction perpendicular to fn . Both these two

forces lie in the vertical plane.

N\

AN

v ¢ I ly/2 |

Figure 12. Diagram for calculating the normal constrained force
Supposing the supplementary mobility corresponding to the normal constraint force fn is vy.
Thus, the generalized coordinates representing completely the considered mechanism are chosen as

(91,CI2) =(91, v4) shown in Figure 12.
N\

A

01

Figure 13. Diagram for calculating the tangent constrained force
11
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Similarly, for tangent constraint force J?t , the generalized coordinates are (ql,qz) = (491, u4) as

shown in Figure 13.

And for calculating internal forces, we also introduce supplementary displacements
corresponding to each case as:

- “s;”, the translation movement in direction perpendicular with center axis of the cylinder (4),
is the virtual supplementary displacement corresponding to shear force as shown in Figure 14. Thus,

(g1, 92)=(8,, s1) are chosen as generalized coordinates.

- “a3 7, the rotation movement about the axis perpendicular with vertical plane, is the virtual

supplementary displacement corresponding to bending moment as shown in Figure 15. Thus,
(¢1, 92) = (6, a3 ) are chosen as generalized coordinates.

N\

\

Figure 15. Diagram for calculating the bending moment
12
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After calculating all necessary terms, then applying proposed method, internal forces will be
obtained easily. And for the aim of simulation, the system for controlling the aircraft elevator is
given some specified geometric and inertial characteristics as:

h=0.50m), [ =1(m), ly =1(m); my =2(kg), my = 4(kg), my =1(kg), mg =5(kg).

In the inverse dynamics, the link (1) is imposed by the law of motion expressed as

6 =Q+ 1% (rad), (28)
and the moment M, has the expression
4
M, =210 (Nm), (29)
T

where Q, :% ,(rad 1), & :9”—0 . (rad | s%).

Based on the proposed method, the internal forces can be calculated at any position of the
mechanism and at any time, corresponding to the value of the rotation angle 6, . However, the thesis

showed results for the special case when 6, =0 (rad), with the aim to compare them with the
results calculated for the static system mentioned below. By using Matlab software, the bending

g

moment Mp,, and the shear force F; with respect to " ( ) " along the length of piston rod-

cylinder subsystem are released as shown in Figure 16 and Figure 17, respectively.

Graph of the bending roment with respect to E{12H4/2+x1)
o T T T T X 05267 T T T T
i : : T ¥ D BBET

- l—-‘\ 12003 :

W 03333
INEIESS [
|

Bending rmoment M (M)

i i i 1 i i
1] 0.1 0.z 0.3 0.4 05 0.6 07 0.a 02 1
In the ratio EA2H4/2+x)

5 i i i

Figure 16. Variation of the bending moment along the piston rod-cylinder at 6, = 0 (rad)

Shearing force B (M)

-B0
0

Graph of the shearing force with respect to &/(12-+4/2 +x)
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Figure 17. Variation of the shear force along the piston rod-cylinder at 6; = 0 (rad)

13



Contribution to Kinematic and Dynamic Study of Rigid Bodies PhD student: Nguyen Thien Van

In order to verify the results above, the system for controlling the aircraft elevator at the
position & = 0(rad) is simplified as a static system, which is considered a beam acted by

distributed and concentrated forces, which are compatible with the given geometric and inertia
characteristics of the mechanism. Then, by using the section method to compute manually the shear
force and the bending moment, the results shown in Figure 18 were obtained.

(0F
! 1kg

r 9 kg/m
4 kg/m / 5kg/m

(071

yasassarynniing R,
‘ ,

/_\

21.8596

17.985 20,0268 ‘

|
|
4578 \
2616 ‘
17.96

| -27.795 5232

Ei1=05m

Ei=lm

‘ f/:].5IIL

Figure 18. The internal force diagram of the simplified model

4. Calculus of internal forces in spatial mechanisms

O3

/ (ms,as)

- 02
o/
(mz,az)
O q % i
I (mi1,d1)
—
Zo
Qo
7
q:

Figure 19. Model for calculating internal forces
14
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The spatial serial manipulator as shown in Figure 19 is considered as model for calculating
internal forces. The mechanism is one kind of the most popular manipulators having three degrees

of freedom corresponding to three independent angular variables ¢;, ¢, and ¢3.

For determining internal forces in end-effector of the mechanism mentioned above by using
Lagrange equations, kinematic relations of links in the mechanism must be calculated first, in
particular here is linear and angular velocities. For a long time, Denavit-Hatenberg Convention is
well-known approach for analyzing kinematic relations between links in robotic field. Besides, this
section will use also a direct way presented previously to determine kinematic relations of links
based on positions and orientations of links’ body reference frame. Then results determined in two
cases are compared each other to verify validity of proposed measure.

4.1. Calculus of axial force in the end-effector

For calculating axial force in the rod of end-effector, we must assign coordinates systems for
links of the mechanism. Once origins and coordinates systems are assigned completely, we can
choose the independent variables describing the mechanism’s configuration in the most appropriate
manner. And they are specified and shown more detail in the figures below corresponding to the
case of analyzing kinematic relations directly or by using Denavit-Hatenberg Convention.

Z0, 21

Figure 20. Assigning coordinates diagram for Figure 21. Assigning coordinates diagram for
calculating axial force directly calculating axial fore with Denavit-Hatenberg

For case analyzing kinematic relations directly, the generalized coordinates representing
completely for the mechanism are chosen as g = (ql 42,93, q4) = (91 ,05,05,u3 ) shown in Figure 20.

For using Denavit-Hatenberg Convention, the generalized coordinates representing completely
for the mechanism are chosen as g =(¢1,92,93.94) = (6,65, 631,u3') shown in Figure 21.

15
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After computing terms relating to the Lagrange equations, then applying Eq. (21), the axial
force in the end-effector is achieved corresponding to each case:
Uy=
1i;=0

d( oF oE oU
Ny=| L2
dt 6u3 8143 8u3
ii=0

4612 92 .sin 63 - 4(613 + 53 )9293 +
(a3 +&3 —&3.008(20, —205) +2a;.cos &y +J - (30)
+

0

_-my(a3-&3)

o +
| =24, cos(260, — 603) —a3.cos(26, —265) )"
4613

+(2ay +2&3 +4ay.cos 93).4922 +
+(2a3 +2&).6F —4g.cos(6, —63)

d( oF oE oU
N3v =| — - - -
dZ 5u3v 81/!3' 5143'

—4a2.é2v.Si1'l 937 + 4(613 + f3).92v.93' +

as +§3 +§3.COS(2921+293v)+2az.(30893'+ 9.2 ’ (1)
+ O +

+2a2 COS(292! + 03') + a3.COS(202' + 203') !

u3=0
3 =0
ii3 =0

_-my(a3-&)
4a ' .
: +(2a3 +2&3 +4ay.cos 93').4922, +

+(203 + 253)93% — 4g.sin((92. + 93|)

4.2. Calculus of shear force in the end-effector

Similarly, for calculating shear force in the rod of end-effector, assignment of coordinates
systems for links of the mechanism are performed thoughtfully. Then choosing generalized
coordinates the most compatibly with the case of analyzing kinematic relations directly or by using
Denavit-Hatenberg Convention is shown in figures below.

For case analyzing kinematic relations directly, the generalized coordinates are chosen as
q =(q1,q2,q3,q4) 5(01,6’2,03,S3)sh0wn in Figure 22.

For using Denavit-Hatenberg Convention, the generalized coordinates are chosen as
q= (ql,qz,q3,q4) = (@',sz,6’3v,S3-) shown in Figure 23.

16
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X4
zZ4

Os4
as-¢3Cs '3
s
z's X3
s Os
0,21 y2 Cs %h;
e X2
Cz Z 02
0: 4 =
az
02
x2 § Cy X1
@31
7
7/ ,
X1
X OoE 01
\Q
X1
X0
Figure 22. Assigning coordinates diagram Figure 23. Assigning coordinates diagram for
for calculating shear force directly calculating shear fore with Denavit-Hatenberg

After computing terms relating to the Lagrange equations, then applying Eq. (21), the shear
force in the end-effector is achieved corresponding to each case:

d( oF OF oU
F3 =7 7 T 32 A =
dt 853 853 aS3 § -

(2613 + 253 )03 —(2613 + 253 + 4a2.c0s 93 )92 + , (32)

3 (a3 —53) N 2a2.sin(292 —93) + a3.sin(202 —203)-1- 9.2 N
| +&.5in(260, —265) + 2a,.sin 6y l

4613
+4a,.03.sin 05 + 4g.sin(6, — 63)
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@.{i[ QEJ_ OF GU}%':O
dt 8s3, 853. 6s3.

S3|:0

S3|:0

(2a3+2&3).63 +(2a3 +2& +4ay.cos 030 ).0, + |’ (33)

_ my ((13 —53) +[2a2.sin(2¢92- +93')+a3.Sin(292' +293')+j 612, N

403 +§3.Si1’1(292- +26'3')+2a2.sin 93v

+4a,.03.sin Oy + 4g.sin(Oy: + 03
4.3. Calculus of bending moment in the end-effector

For case analyzing kinematic relations directly, the generalized coordinates are chosen as
q4=(41,92,43.94) = (61,65.65, 03 ) shown in Figure 24.

For using Denavit-Hatenberg Convention, the generalized coordinates are chosen as
q=(41-92-93.94) =(6), 651,65, ¢3:) shown in Figure 25.

x4
y4 \
O\ LS/ x5
Cs |® as-§&3
y3
Os
y2 Cs Q’
[ ]
X2
z0, 21
g 02
/
az
02
X1
X2 C1
31
] x'1
7/ 3
— 0,
P 0= 0y k
X1 X0
Figure 24. Assigning coordinates. diagram for Figure 25. Assigning coordinates diagram for
calculating bending moment directly calculating bending moment with D-H

After computing terms relating to the Lagrange equations, then applying Eq. (21), the bending
moment in the end-effector is achieved corresponding to each case:
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d( OF oF oU
My=——|—|-—-
dz\ 0gy opy 0y

;=0
=0
;=0
(4ay +2&).6y — (4ay + 2&; +6a,.cos 63).60 + : (34)
2 . .
_ —my (a3 - 53) N 302.5111(292 —93) + 2613.8111(292 —293)-1- 9.2 N
123 | \+&.sin(26, —263)+3a,.sin 6 .
+6a,.0% sin 0 + 6g.sin(6 — 63)
Ma— |40 oE U
Y7 de\ ogy ) opy opy |20
9y =0
$3=0
(dag +2E3).05 +(day +2& +6ay.c0s603.).0, + , (35)

—my(a3—&) | (3ay.sin(26y +063)+ 2a3.5in(26, + 265) + 4

= |+ O+
12as +&5.510(20, +265.) + 3a,.sin 65, !
+6a,.0%.5in 0y, + 6g.cos(6y + 631

5. Controlling motion of a spatial 4-DOF manipulator

5.1. Simulating model and equations of motion

Figure 26. The 4-DOF manipulator

For our purpose of giving control law of a mechanism, let’s consider the 4-DOF articulated
manipulator as shown in Figure 26. The first link (1) characterized by length d| and mass m is
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subjected to the external torque 7, which has its effect in horizontal plane, at the point O,.
Analogously, the links (2), (3) and (4) characterized by lengths a,, a3, a4 and masses m,, my,

my, are actuated by the external torques 7p, 73, 74, which have their effects in vertical plane, at
the points O;, O,, O3, respectively.

As shown, the manipulator has four degrees of freedom, thus let’s choose angle vector
0=[6,, 6, 6;,6,], in which the angles are assigned according to DH Convention, as the
generalized coordinates. Then the equations of motion are written easily using Lagrange equation:
i(a_ﬁj_a_E:Q;ﬁ_U, (=123 4), (36)
dt\ 06; ) 06; 00
where E is the total kinetic energy of mechanism,

U is the force function,

Q;k is the external generalized force acting on the link i, in this case Q: =17, (i=12,3,4).

From geometric and kinematic relationship between the links of the manipulator, after
computing all necessary terms then replacing them into Eq. (36), the equations of motion are
obtained in matrix form as following:

AO-B=T1, (37)

where 0 = [6’1, 6, 65, 6’4] is the vector of second time derivative of the joint coordinates,

T =[Tl, T, T3, T. 4] T is the external torque vector acting on the links at the points Oy, O;, O,
and O3, respectively,
a1 42 @3 a4
az1 dpyp dy3 dpq
a3p d3p 433 d3q
gl d4p  A43  dgg

A= is the inertia matrix.

5.2. Determining optimal parameters of PID controllers by using the GA

Let’s consider one simple example: Control the tip of end-effector of the 4-DOF manipulator
above to follow the specified trajectory on surface of cone in the plane Oxyz written in the function
as following:

Jx2 4% +2=0.25 (m), (38)

Or it can be written in form with respect to time as:

F= x4 32 =0.25[1— =l ]=o,25.(1-%) (m)

Tf_to

: (39)
t-t,

T £ Z,
in there,  represents the radius,

z represents the height,
t, =0, Ty =20(s) are the initial and final times of the analysis process.

z=0.25

t
=0,25.— (m
50 ™

There are many methods to control the 4-DOF manipulator, but in this case we use PID
controllers to control the manipulator thanks to their simplicity and transparence. As known, one of
the most common difficulties when using the PID controllers is to determine the optimal
parameters, i.e: the proportional gain Kp, the integral gain K, and the derivative gain K
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because of the constantly changing of the system parameters in almost all processes. To overcome
that tough issue, a GA is used for finding out parameters of PID controllers. The block diagram of
our control system using the GA for determining the optimal PID parameters is shown in Figure 27.

genetic
algorithm
[ G®)
gravity -
compensation
/
+
r() T el o ul)  + | e g
Input signal controllers controller \_/ manipul at or output
- output signal

Figure 27. PID tuning diagram with the GA
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. |
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PID 2 Controfler ]
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— | =

Gravty Compensation G3

Tarque 2 teta 2

A

r
¥

P Torgue & teta d F——

PID 3 Controller

The spafial 4-DOF manipulstor
LT

Gravity Compensation G4

ud
\?‘ PID 4 Controller

Figure 28. Completed scheme of 4-DOF manipulator with PID controllers
For the simulation purpose, let’s consider that the 4-DOF manipulator has the following inertial
and geometric data: my =my =m3y =my =0.1(kg); d; =0.1(m); ay = ay =0.13(m); ag =0.04 (m)
and that the initial state of the manipulator considered in the case study is

6,(t,) =0 (rad), 6,(t,) =0.03927 (rad /s),
0,(t,) =—0.663070 (rad),  0y(t,)=—0.056864 (rad /s),
6(t,)=1.072371 (rad), 65(1,) =0.210525 (rad /s),
0,(t,)=0.376097 (rad), 6,(t,) =—0.153661 (rad / s).

Using Mathlab software, and after applying GA for tuning PID controllers in our system, the
values of Kp;, Kj;, Kp; (i=1, 2, 3, 4) are determined as:
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Kpj =26.7600; K;; =1.1200; Kp; =-0.2500;
K py =19.4350; Ky =21.2450; K p, =-0.7900;
Kpy =0.8100; K3 =0.1950; K3 =-0.2850;
Kpy =0.0160; K;4 =0.0070; K, =-0.0020.

The results obtained from Simulink model (and also SimMechanics model) corresponding to

the above value of PID parameters are shown below.

Evolution of angle variables in real time
7|—41 T T T
—2

o|—63
—04

i)
T
|

Angle variables 81, 2, 63, #4 - (rad)

Figure 29. Evolution of the joint coordinates 6y, 6,, 05, 0, versus real time

Evolution of Control Torques in real time
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b

L L 1 L L L L L L
0 2 4 6 8 10 12 14 16 18 20
Time - (s)

Figure 30. Evolution of the external torques t,, T,, T3, T, versus real time

g5 210 4 Evolution of position error of the Tip C in real time

& w [N
T T T

Position error of the Tip C - ¢ - (m)
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Figure 31. Position error of the end-effector in real time
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With the aim of illustrating how well the manipulator performed the given task with computed
value of PID parameters, the position error showing the difference between real position of the end-
effector and its desirable position is considered, and is defined by:

8C(I)=\/(\/ real(t) +yreal(l)2_\/ des(t) +ydes(t)2 jz ( real(t) Zdes(t)) , (40)

where g (t) is square root of square position error,

real (@), yéve al (1), Zreal (¢) are real coordinates of the end-effector on axes with respect to time,

des (®), ydes (), Zdes(t) are desirable coordinates of the end-effector on axes with respect to

time.

As shown in Figure 31, the position error of the end-effector remains in the range of [0; 0.25
mm]. In practice, this error is due to accumulation errors and is acceptable, taking into account the
length of trajectory of the 4-DOF serial manipulator. This error can be reduced by improving the
GA program to give the better solutions of the PID parameters.

6. Conclusions and Future Works

Based on the fundamental definitions of rigid body mechanics, this thesis presented a new
method derived from Lagrange equations to calculate internal forces in an arbitrary link in a rigid
body system. This work is really significant, especially for a complex rigid body system possessing
many links due to without considering constraint forces in calculating process. From the proposed
method, the thesis calculated internal forces in closed mechanism as well as in open one. Besides,
the thesis also applied Genetic Algorithms in tuning parameters of PID controllers to control a 4-
DOF mechanism to perform a given task.

The models used in this thesis ignored friction force, damping force... during calculating
process, so we can take into account the effect of friction in the contact surfaces between links, as
well as effect of damping force in hydraulic cylinder in order to make it close to practice.

Modeling and simulating the mechanism on dynamic software such as ADAMS with the
identical conditions applied, then calculating the load and stress distributed throughout the
mechanism. Based on that, we compare with the results obtained by proposed method.

Considering the mechanism again, we apply the proposed method to compute internal forces.
Then comparing results obtained in two ways.

For controlling model, we can improve the genetic algorithm in order to tune the PID
parameters faster and to get better control quality, i.e the position error of the tip of end-effector is
reduced and smaller than the result achieved above.
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